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Abstract 



,i^ I We construct the spectrum generating algebra (SGA) for a free 

'j^' particle in the three dimensional sphere S^ for both, classical and 

,^ ■ quantum descriptions. In the classical approach, the SGA supplies 

C^ i time-dependent constants of motion that allow to solve algebraically 

the motion. In the quantum case, the SGA include the ladder opera- 
tors that give the eigenstates of the free Hamiltonian. We study this 
quantum case from two equivalent points of view. 
> 

m 

^ : 1 Introduction 

f^^ ■ The notion of spectrum generating algebra (SGA), sometimes called non 

^ , invariance algebra, was introduced many years ago [H |2l [3] . In the context 

of quantum mechanics, the idea of the SGA consists in reducing the con- 
struction of the whole Hilbert space for a given system to a problem of repre- 
sentation theory. The knowledge of the symmetry (usually called 'dynamical 
symmetry') of a problem allows to solve it only partly: its representations 
gives the subspace of the whole Hilbert space of eigenstates corresponding to 
a fixed energy. The further extension to the SGA needs to introduce ladder 
operators that change the energy, i.e., operators that do not commute with 
the Hamiltonian (it is the reason to call this construction non-invariance al- 
gebra). At the very best, the whole set of operators — those generating the 
dynamical algebra plus the ladder operators — may form a finite dimensional 
non-compact algebra whose representation gives the Hilbert space of the sys- 
tem. In this respect, the symmetry algebra of the Hamiltonian plays the role 
of the Cartan subalgebra, while the additional operators of the SGA, which 
do not commute with the Hamiltonian, play the role of the Borel elements. 
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In the classical frame, the symmetry algebra provides constants of motion 
which are functions of the dynamical variables characterizing the possible 
trajectories. However, the motion is obtained from another kind of constants 
of motion that include explicitly the time. Such constants come from the 
elements of the SGA 'not commuting' (in the sense of Poisson brackets) with 
the Hamiltonian [S]. 

The main purpose of this paper is using the SGA technique to solve the 
spectral problem related with the quantum Hamiltonian of the free motion 
in the three dimensional sphere S^, embedded in the four dimensional co- 
ordinate space M^, which has a pure discrete spectrum |1]. This problem 
is already nontrivial, interesting by itself and will provide important clues 
for the extension of the SGA in the study of more general quantum systems 
evolving on configuration spaces with constant curvature. In the case of the 
free particle in S^, it is well known that the symmetry algebra is so (4) and 
our task is to construct the ladder operators which do not commute with the 
Hamiltonian. As we shall see below in order to achieve this goal we will need 
to involve, apart from symmetry operators, also the elements of the homoge- 
nous space of the group 5*0(4). The main result obtained in this work is the 
explicit construction of a SGA isomorphic to so (4, 2). 

It is interesting to remark that this is a new method to study classical 
and quantum systems in configuration spaces of nonzero constant curva- 
ture. However, the study of such systems is not new up to the extent that 
Schrodinger himself has obtain the levels of energy of the Kepler problem in 
S^, see [1]. For other approaches, see [6], [7]. 

The paper is organized as follows. Section 2 begins with the construction 
of the SGA for the free particle in S^ in the classical context. This is a good 
starting point, as it will give us hints for the construction of the quantum 
SGA of the same problem. However, the classical version is much simpler, 
as is free of the important and hampering difficulties of the ordering of non- 
commuting operators, which is specific of the quantum case. In this section 
we will also show how we can use the SGA in order to solve the classical 
equations of motion. In section 3, we shall present the detailed construc- 
tion of the SGA for the quantum problem. Here, we have adopted the point 
of view of a direct quantization of the classical SGA and choose the repre- 
sentation by means of some natural restrictive relations. The Hilbert space 
of states will be explicitly derived with the help of the SGA through lad- 
der operators. At the very end, we obtain position and momentum operators 
along to constraint and gauge fixing relations compatible with S^. In Section 



4, we adopt the opposite point of view. We start with canonical quantiza- 
tions of the classical Dirac brackets for the variables position and momentum 
with their corresponding constraint and gauge condition compatible with S^. 
Then determine the SGA, as well as the ladder operators. We also derive the 
restrictive relations as a consequence of our definitions. Finally, we present 
the concluding remarks and some indications for future research. 

2 The classical case 

We shall start with the Lagrangian of the free motion in S^, considered as a 
sphere of radius one, 

1 ' ^ 

where the dot represents the derivative with respect to time and we have 
assumed ?n = 1, since the mass do not play any relevant role in our devel- 
opment. This Lagrangian can be considered the restriction to the sphere S^ 
of the free Lagrangian L = X]i=i ^1 defined in the ambient space W^. The 
canonical momenta are determined by 



dL 

Pi 



-qT- = ^^ 2_^{XjXi — XiXj)Xj , (2j 

and satisfies the primary constraint 

xp = XiPi = , (3) 

xp = XiPi = 0, where here and throughout the paper the convention of 
summation over repeated indices is used (in this respect, Latin subindexes 
i,j, k, . . . will run from 1 to 4, the dimension of the ambient space). 

The Legendre transformation of the Lagrangian ([T]) gives the canonical 
Hamiltonian 

II — •Jij'Jij , •Jij XiPj XjPi , y^) 

where Jij has the structure of an angular momentum. Our strategy to work in 
S^ will be the following. Instead of dealing in the 8-dimensional phase space 



with dynamical variables Xi,pi satisfying the canonical Poisson brackets, we 
impose the gauge fixing condition 

X = XiXi = i, (oj 



and the primary constrain ([3]). According to the usual procedure [TOl[TT], we 
also introduce the Dirac brackets 

{xi, Xj}d = , {pi, Xj}d = Sij - XiXj , {pi,Pj}D = Jij ■ (6) 

In the sequel, we prefer to use the variables Xi and pi subject to the Dirac 
brackets ([6]) instead of defining a set of independent variables in S^, because 
this would lead us to very complicated expressions. Therefore, from now on, 
as we will work in the configuration space S^ where only Dirac brackets will 
be appropriate, the label D (such as it appears in (^) will be suppressed. 

It is interesting to remark in passing that we can supply a realization 
of the variables Xj, pj in terms of canonical variables and the usual Poisson 
brackets. Let us consider the canonical variables ^iyiij, i = 1, . . . , 4, and the 
associated Poisson brackets. 

Then, let us define the following relations 

and also Dirac brackets by 

{/(x,p),^(x,p)}z, := {f{C^),9{t'^)}p (9) 

where in the last expression the functions depending on £, tt have been ob- 
tained by the replacement of x, p given in ([8]). Then, (|8]), ([9]) gives us the 
desired representation. 

From now on, we shall consider Dirac brackets only, so that the subindex 
D in brackets like i^ will be omitted in the sequel. 



The components Jij of the angular momentum introduced in ([3]) satisfy 
the following 'commutation' relations: 

{Jik, Jim} = SimJkl + Ski-Jim — SuJkm — SkmJil , (10) 

{Jik,Xl} = 6ikXi-6iiXk, (11) 

{Jik,Pi} = SikPi-SiiPk, (12) 

which coincide with those well known using canonical Poisson brackets. Hence, 
the elements Jij are the generators of the Lie algebra so (4) of the group 
5*0(4). This Lie algebra has two Casimirs: 

H = ^ J,, J,, = pV - (xp)2 = p^ (13) 

C2 = eijkiJijJki = y:^p = 0. (14) 

Thus, the only nontrivial Casimir plays the role of the Hamiltonian H and 
it can be seen as the restriction to S^ of the free Hamiltonian defined in 
the ambient space. Consequently, the symmetry algebra is just so (4) itself, 
but taking into account that this symmetry is realized by a representation in 
which the second Casimir (TT4|) vanishes. 

In the rest of this section we will show that what can be called the 'clas- 
sical' SGA for this system has the structure of the so (4, 2) algebra, including 
the aforementioned realization of so (4) as a subalgebra. 

The generators of the Lie algebra so(4, 2) will be labeled Map with a, P = 
1, . . . , 6. They include the generators of the symmetry algebra in the form 
Mij = Jij. The new generators completing the 'classical' SGA are Ms, and 
Mgj, that behave as vectors with respect to 5*0(4) and M^q which is an 
5*0 (4)-scalar. These generators can be displayed schematically in the form 
of a 6 X 6 antisymmetric matrix as follows: 



(15) 



such that Mai3 = —Mf^a- The so(4, 2) 'commutation' relations (in the sense 
of Dirac brackets) are 

{M„/3, M^is] = ga&Mp^ + gp^Mas - g^^Mps - gpsM^^ , (16) 
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{Mi5,M56} = 


= -M,6, 


{Mi6,M56} = 


= Ms, 


{Mi5,Mfc6} = 


= -^ifcMge , 


{M,5,Mfc5} = 


= </jfc , 


{Mi6,Mfc6} = 


= Jik ■ 



where g^iB is the metric matrix for 5*0 (4, 2), given by the diagonal 6x6 
matrix (1,1,1,1,— 1,-1). In the following, we will pay special attention to 
the commutators of the generators not belonging to so (4): 

(17) 

(18) 

(19) 

(20) 

(21) 

Our next objective is to calculate explicit expressions for M^i^M^i^M^^ im- 
plementing these commutators. In this process we need two SO {4) vectors 
and one 5*0(4) scalar. From (fTTl) and flT2l) . the vectors at hand are x and 
p, while the scalar is just if, therefore we can make the following guess for 
these generators: 

M,5 = V^UH), M,6 = xJ^{H), Mse = h,{H) (22) 

where f^, fe, f5e are functions to be determined. Remark that due to the 
specific realization we have 

Pi = -JikXk ■ (23) 

Since the Dirac brackets for pi in S^ are not familiar (see ([6])), we prefer to use 
the equivalent expression (l23l) . because its factors obey the Dirac brackets 
with the familiar form (l6l)-( fTTl) . The final solution in this classical frame can 
be easily obtained: 

M,5 = J.fcXfc, M,, = H'/'x„ M,, = H'/\ (24) 

Making use of the 'classical' SGA, we can solve the equation of motion 
for the present case. To this end, let us introduce the functions A^ as the 
following linear combinations of M^i and Mgj: 

Af:=M,^TtM,,, J = l,...4. (25) 

The importance of the SO (A) vectors A, will have quite different implications 
in the classical and quantum cases. Clearly, the equations of motion for A, 
are given by 



Af = {H, Af} = 2Vh{Vh, Af} = ±2VHiAf , (26) 



where the dot denotes derivative with respect time. Then, (12^ gives: 

Af{t) = exp{±2z tVH} A±(0) , (27) 



which provide the motion {xj{t),pj{t)). Notice that the frequency oj = 2y H 
depends on H and increases as the system has higher energies. Another 
way to express (1271) is to say that /l^(t) exp{=F2itA/ff} are time-dependent 
constants of motion whose values A^(0) are fixed from the initial conditions. 
Therefore, the symmetries lead to (time-independent) constants of motion, 
while the other SGA elements lead in this way to explicit time-dependent 
constants of motion giving the motion. 

On the other hand, A^ A~ is a time-independent 5*0(4) scalar function, 
that can be computed explicitly: 

A+4- = A+(0)4r(0) = 2i/, (28) 

so that the amplitudes |/1^(0)| in (127|) also depend on the Hamiltonian. We 
can also compute the value of the quadratic Casimir of 5o(4, 2) with the help 
of ([28]): 

M'^f'M^f, = J^jJ,, + 2Ml, - 2(M5,M5, + M^^^M^i) = 2H + 2H - 2{2H) = . 

(29) 
We see that ([211) also gives (I2g]) . 

As a final remark, we shall note that some restrictive relations among the 
algebra generators are fulfilled. These relations will have a crucial role in the 
construction of the quantum SGA for the quantum case. In fact, a rather 
straightforward calculation show that the tensors given by 

Tab:=MacMMg''' and R"" := e'''''''f M,dM,f , (30) 

where s"''"^'^^-^ is the complete antisymmetric tensor, vanish identically, i.e., 

Tab = and R"^ = . (31) 

We shall call relations (13 ip restrictive relations for the algebra so(4, 2). 
These relations are not changed under the action of the algebra since a direct 
calculation using f lT6|) gives: 

{Mab, Ted} = Qac Tbd — Qbc Tad + Qad Tcb — Qbd Tea ■ (32) 

A similar relation holds for {Mab, R'^'^}- 

Here, we conclude the discussion of the classical SGA for S^. 



3 The Quantum Case 

Let us analyze the quantized version of the discussion given in the previous 
section. We shall adopt a point of view of starting with the quantized version 
of ( iT6l) . In any case and by analogy with the classical case, we shall work in 
a realization in which the Casimirs for the symmetry algebra so (4) are the 
free Hamiltonian 



H - - JjkJjk (33) 



and 



C2 — -€-ijkiJijJki — . (34) 

We shall present the discussion of the quantum case in the next following 
subsections. 



3.1 The symmetry algebra 

The symmetry algebra of H is clearly determined by the operators Jjk that 
close the algebra so (4). We recall (see for instance [I2]) that the algebra so (4) 
is the direct sum of two copies of su(2), i.e., so (4) = su(2)©su(2). If we group 
the six generators Jjk as the components of two vectors R = (J23, — J13, J12) 
and S = (Ji4, J24, J34), then the generators of each copy of su(2) are given 
by M = (R + S)/2 and N = (R — S)/2, respectively. The corresponding 
su(2) Casimirs are M^ = (R + S)V4 = (R^ + RS + SR + S2)/4, and 
N^ = (R - S)V4 = (R2 - RS - SR + S2)/4. Thus, the Hamiltonian in 
(??) can be expressed in the form 

H = 2(M^ + N^) (35) 

The Hilbert space spanned by the states with the same energy support a 
unitary irreducible representation (UIR) of SO (A). However, we must take 
into account that in this particular realization we have that RS + SR = 
C2 = \^ijkiJijJki = 0, so that the value for both of the Casimirs for su(2) 
coincides: M^ = N^ = j(j + 1) with j = 0,1/2,1,3/2,.... Then, each 
representation supported by states with the same energy is symmetric and 
hence the spectrum of the Hamiltonian is given by 

Spec(i7) =4j(j + l) =n(n + 2), n = 0, 1, . . . (36) 



The n-th energy level has the value j = n/2 for each of the su(2)-coniponents, 
and consequently the degeneracy of this energy level is (n + 1)^. 

3.2 The quantum Spectrum Generating Algebra. 

To begin with, let us take the quantized version of formula f lM]) . This quan- 
tized formula gives us the relation between the generators of 5*0(4, 2), where 
these generators are operators on a certain Hilbert space and the Dirac brack- 
ets have been replaced by commutators. It reads: 

[Mab, MJ = -i{gadMbc + QbcMad ' QacMbd - QbdMac) , (37) 

with a, 6 = 1,...,6 and {gab} is a 6 x 6 diagonal matrix with diagonal 
(1,1,1,1,-1,-1). Take the indices i,j = 1,2,3,4 and introduce the fol- 
lowing notation: 

Mi, = J,,,-, M,5 = i^„ M,6 = Li, M56 = /i. (38) 

We use this notation fl55]) in formula f p7|) so as to obtain 

[■Jik^ ^lm\ ^{^irn'J kl ~r ^kl^im ^il^km ^kiri'^il) 

[Jik, Ki] = -i{5kiKi - 5iiKk), [Jik, Li] = -i{5kiLi - 5uLk) 

[Ki,Kj] = [Li,Lj] = -iJij, [Ki,Lj] = i6ijh 

[Ki,h]=iL,, [U,h] = -iKi. (39) 

One of the important features of the SGA are the ladder operators which 
will be used in order to construct the Hilbert space of pure states of the 
system. By close analogy with the classical case (see equation (12S1) ). we 
define 

Af = KiTiLi, i = 1,2,3,4. (40) 

These operators behave as vectors with respect to the generators Jij of the 
algebra so (4), as shown in the second row of (1391) . They satisfy the following 
commutation relations: 



[At, A-T] = -2iJ,, - 26,,h, [At, At] = [Ar, Aj] = 0, 

hAt = At{h + l), hAr = A-{h-l). (41) 

Now, our purpose is to identify the quantum system with spectrum gener- 
ating algebra given by 5*0(4, 2). In order to accomphsh this, we need to find 
some restrictive relations for the generators of the algebra so (4, 2). This re- 
flect the fact that, in general, the Hilbert space obtained with this technique 
is not the Hilbert space which supports a general representation of 5*0(4, 2). 
This kind of restrictive relations is very well known, although not very well 
identifled often. 

In order to understand this fact, let us consider the simple example of 
50(3). Its generators satisfy the familiar commutation relations 

[Si, Sj] = ieijkSk . (42) 

The representations of 5*0(3) are well known and are labelled by the eigen- 
values s of the Casimir operator. At the same time, we can impose on the 
generators Si some additional conditions. For instance: 

Tij = SiSj + SjSi - -Sij = , (43) 



which are compatible with (1421) . In fact, 

[Si, Tij] = i{eiikTkj + eiijTik) . (44) 

Condition (I43p is a restrictive relation of the mentioned type. Then, if in 
the space supporting all representations of 50(3), we are to define a subspace 

V satisfying the condition Tijip = 0, the action of the generators of 5*0(3) on 

V should not leave V. In the chosen example, it becomes clear that the space 
in which this condition is satisfied corresponds to the choice of s = 1/2. For 
higher values of the spin, the restrictive relations for 50(3) involve higher 
powers of 5*,. 

In the case of a non compact algebra like so(4,2), the situation is more 
complicated so that even a quadratic restriction relation may define a sub- 
space V of infinite dimension. Thus, the first problem that we have to solve is 
to find a general expression for the restrictive relations concerning 5*0(4, 2). 
These restrictive relations will be given by operators (as in fH51) such that 
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their commutators with the generators Mab are hnear on these operators. 
This task is not difficult if we construct the operators providing the restric- 
tive relations as tensors constructed from Mab- 

One more remark is in order here. As we have seen in the classical case, 
all generators of 5*0(4,2) (6+4+4+1=15), were build by using Xi and pi. 
This shows the existence of some relations between the Mab- In the quantum 
case, these relations cannot be valid in the general representation of 5*0(4, 2), 
but they may hold for particular representations and this is the case here. 

To produce this construction, let us go back to tensors (130|) . In our 
representation we have changed the meaning of the objects Mab that do not 
represent functions any more like in (I30p . but Hermitian operators instead. 
Since these operators do not commute, we have to symmetrize O30p so that 
the new expression for Tab should be given by 

Tab = {MadMbe + MbeMad)g''' , (45) 

which is covariant with respect to the generators of 5*0(4, 2): 

[Mab, Ted] = KOacTbd - gbcTad + QadTcb - QbdTca) - (46) 

Needless to say that (146|) replaces ( 132|) in the present discussion. Moreover, 
if we add a constant term CQabi where c is arbitrary, to Tab- 
Tab = Tab + CQab , (47) 

then. Tab will satisfy the same equation. 

A second restrictive relation is given by the following tensor, which is 
clearly the quantized version of the second tensor in f|30|) : 

j^ab ^ ^abcdef^^^^^^^ ^ M^fM^d) - (48) 

Then, we need to express the components of Tab and Rab in terms of the 
components Mab- We shall do it using the notation introduced in f p8|) . The 
components of Tab are 
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Tij = JikJjk + JjkJ'ik — {KiKj + KjKi + LiLj + LjLi) + cgij , (49) 

fs, = -(/iL, + Lih) - {J,jK, + K.Jij) , (50) 

Tgi = hKi + Kih - {JijLj + LjJij) , (51) 

fse = KiU + L,Ki , (52) 

f55 = 2(i^2-/l2)-c, (53) 

f66 = 2(L2-/i2)-c. (54) 

Also note that we are using the convention of sum over repeated indices. This 
is also true in flS5]) and fl51|) . where we have the terms Lf = LiLi = ^^^^ Lj 
and also Kf = KiKi = X^j^x Kf. We shall use this convention from now on. 
For instance, Xf will denote J2^^i-^i^ ^tc. 
The components of R'^'' are 

R'^ = K,Lj + LjKi - {L,Kj + KjLi) - 2hJ,j , (55) 

R * = ^ijki{LjJki + JkiLj) , (56) 

R^' = eijki{KjJki + JkiKj), (57) 

-R = ^ijklJijJkl ■ (58) 

Once we have defined the operators giving the restriction relations, we 
can write these relations as: 

fab = 0, i?»^ = . (59) 

The next step is finding operators that can play the role of position opera- 
tors. Thus, we find four operators Xj, z = 1, 2, 3, 4 subject to these conditions: 
i.) the operators Xj commute with each other and ii.) Xf = 1, i.e., they 
determine the position on the sphere S^. We have the following Ansatz for 
the X: 
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X, = f{h)At + g{h)A-. (60) 

This Ansatz is motivated by the fact that Xi should behave as a vector 
with respect to the representations of 5*0 (4). Vectors with respect these 
representations are those with components Li and Ki only. These vectors 
are linear combinations of Af. The most general linear combination of these 
operators is given by fIBCT]) since h behaves like an scalar. We know that from 
the restrictive relations, we can express any scalar, e.g., L^, Kf, etc via h. 

After this definition, in order to obtain the commutation relations for the 
Xi, we shall use (HTI) . This gives: 

[X„X,] = -4zJ,^f{h)9{h) + f{h){9{h - 1) - 9{h)){AiAj - AjAr) 

+g{h){f{h + 1) - f{h)){AiAl - AjAi) . (61) 

Condition i?"^ = implies the annihilation of R^^ in fl55|) . From this fact 
and definition pUj) . we get 

{AiAj-AlA-) = 2z{h-l)J,,, 

{ArAj - A- At) = -2i{h + 1) J,, . (62) 

Then, we can carry fl62l) into fl6T]) to obtain the commutation relations be- 
tween the Xi. 

[X„ X,] = 2iJ,,{{h - l)f{h)g{h - 1) - (/i + l)g{h)f{h + 1)) . (63) 

However, we have imposed the condition that these commutators must van- 
ish. This condition is obviously satisfied if 

(h - l)f{h)g{h -l)-{h + l)g{h)f{h + 1) = , (64) 

a finite difference equation that we have to solve. 

In addition, operators Xi must be Hermitian. Since the operators A^ 
are adjoint of each other, definition fl60l) and the second row of fHTl) . the 
Hermiticity property for Xi implies a second condition on the functions f{h) 
and g{h), which is 
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g{h) = r{h + l), (65) 

where the asterisk denotes complex conjugation. Using (l65l) into flMl) . we 
have 

(h - i)f{h)nh) -{h+ i)f{h + i)nh + 1) = . (66) 

The solution of (l66l) is given by 

where C is an arbitrary constant that may be chosen to be real. Using (1671) 
and (165|) in fl60|) . we get 



X, = ^=^^A+ + ^=^^Ar = C^(A+ + A-)^. (68) 

We have used the second row of (HTl) to prove the second identity in fpS]) . 
The next step is to calculate the sum Xf. This gives: 

Then, we recall that the restrictive relations mean that all components 
of T and R are equal to zero. In particular, if we equate to zero ( 152H54|) and 
use definition fl40l). we conclude that 



{Air = {Arf = 0. (70) 

Also, using ( l53ll . ( l54|) and one of the commutation relations ( l39ll . we obtain 



AfA- 


= Kf + Lf - 4/i = 2/^2 + c - 4/i 


A^AT 


= Kf + L^ + 4h = 2h^ + c + 4h. 



(71) 
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Then, using l^^) and ( FTT]) into ( 1^ . we obtain 



r2 r^2 1 f2h^ + c + Ah , 2/i2 + c-4/i\ 1 



The choice c = 2 gives 

X^ = 4C2 _ (73) 

Since Xf = 1, this imphes that C = 1/2 and therefore the expression for 
Xi should be 

The choice on the constant c is also important in establishing a relation 
between the Casimir of 5*0(4) and h. If we calculate the trace of the 4x4 
matrix Tij and take into account that all entries of this matrix vanish so that 
this trace must also vanish, we obtain from (H9l) 



\j.,J., = l{K^ + L^)-c. (75) 

Taking into account that fl53l) and (15^ also vanish, we have that 

Kf + L^ = 2h' + c, (76) 

which with fl75|) gives 

-^■Jik-Jik = h — - . (77) 

With the choice c = 2, fl77|l becomes 

^Ja.J^fc = /i'-l. (78) 

From the theory of representation of Lie groups [12] , we know that if the 
second Casimir is eijkiJijJki = 0, then the first Casimir can be represented 
via a positive operator 7 as 

l^JikJik = 7(7 + 2) , (79) 

which gives the following expression for h 
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/i = 7 + 1 • (80) 

In conclusion, we have constructed on the algebra 50 (4, 2) a set of restric- 
tive relations, which defines a subspace of the space supporting the represen- 
tations of the algebra. We have found that, on this subspace, the operators 
Xj, i = 1,2,3,4 act. These operators are position operators on a configura- 
tion space which is the homogeneous space for the symmetry algebra 5*0(4). 
Moreover, taking into account that the expressions fl49ti54p vanish, we can 
express the generators of 5*0(4,2) in terms of the operators Jij,Xi and h. 
It remains to prove this latter statement. Let us do it for Li, for example. 
From the vanishing of f l50|) . we have 

hLi + Lih = -{JijKj + KjJij) . (81) 

Using ( HOj) . the left hand side of this equation becomes 

hLi + Lih = ih—^ '- + i^ '-h 

Zi Zi 

= ^fih)^^^^f{h) = f{h)LJ{h) . (82) 

It remains to determine the function f{h) in fl82l) . This function has to 
satisfy 

h{At - Ar) + {At - AT)h = f{h){At - A-)f{h) . (83) 

With the help of equations fl4ip . we can rewrite fl83p in the following form 

At{2h + 1) - Ar{2h - 1) = Atf{h)f{h + 1) - Arf{h)f{h - 1) , (84) 
from which we can easily derive a finite difference equation for the function 

fih)fih + l) = 2h + l, (85) 

which has the following solution 



, r(| + !) 
'r(| + i) 



fih)=2^^j—^, (86) 
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where T{x) is the Euler function. Indeed, 



r(| + |)r(| + |) ^ r(| + |) ^ /^ i. 



f{h)f{h+l) = A ^)l ^ {['I ^ ^ =:p)|-4t = 4(- + -) = 2/^+1. (87) 



Once we have obtained /(/i), we can rewrite f ET]) in the following form 

fih)Uf{h) = -{JijKj + J^,- J,,) = -VhiJ^jXj + X,- Ji,) v^ , (88) 

where in the last identity, we have used (^^. Thus, the final result for Lj is 
given by 

Li = -{f{h))-'Vh{J,,X, + X,J,,)Vh{f{h))-' . (89) 

This is the form of the generators MiQ of the algebra so (4, 2). For Mjs = Ki 
we note that (gO]) gives Ki = l/2{Af + Ar). Then, ([71]) gives 

Mi5 = Ki = VhXiVh . (90) 

The others are 

Mij = Jij, M56 = 7 + 1 = ^ ■ (91) 

This concludes the construction of the generators of the quantum spectrum 
generating algebra. 

Remark.- This representation has three Casimirs, which are the follow- 
ing: 



C2 = MabM'^' = ^ (Tab - cgab)9''' = -^ CQabg'"' = Sc = -6 , (92) 



C2 = R'^'gab = (93) 

and 

C3 = Ma,M''M: = TabM'^' = {fab " cgab)M''' = -cgabM'^' = . (94) 
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3.3 Ladder representation 

We have already mentioned that the spectrum of the operator 7 is the set 
of nonegative integers n = 0,1,2,... and consequently the spectrum of the 
Hamiltonian H is given by n{n + 2). These energy levels can be connected by 
a ladder representation, which follows from the 'quantization' of the functions 
( 12^ leading to the operators Af. In fact, after the identities of the last row 
in ( 139|) . we have 

[7,A1 = ±Af (95) 

[Ar,At] = 2(7 + 1). (96) 

Now, let us assume that there exists an eigenvector \n) of 7 with eigenvalue 
n, i.e., 7|n) = n\n). Then, (!95l) yields to 

^Af\n) = {n±l)Af\n), (97) 

so that Af\n) is an eigenvector of 7, provided that it does not vanish, with 
eigenvalue nil. 

The ground state |0) is defined by 

Ar\0) = 0, z = 1,2,3,4. (98) 

The only function satisfying these conditions is the constant function i/jq 
which is normalizable on 5*^ and represents the ground state of H as well as 
the lowest weight vector of the so (4, 2) UIR. The other eigenstates of H can 
be obtained from i/jq by applying the raising operators Af, which connects 
each energy level with the next with higher energy and Jij, which connects 
states with the same energy. These eigenstates can be written as 

V'mim2.../.„(x) = A+ A+ . . . Al ^o(x) . (99) 

Note that after the relations [Af,Af] = in (gl]) and {AfY = in flTOj) . 
it is obvious that V'MiM2...Mn(x) is symmetric under the interchange of the 
subindices /ij and that products of the form ipfj,i-fj,i-fj.j...fin{^) 9^'^^ vanish. 
Functions of this kind are called harmonic polynomials. 

Some additional relations obtained with the help of the ladder operators 
Af and A~ can be obtained. For instance (we recall that summation over 
repeated indices still applies), 

- A-Af = Ml + Ml - z[M5„ Me.] . (100) 




Figure 1: Degeneracy levels. 



We know that the bracket in f llOOp is iM^Q = 2(7 + 1). From the restrictive 
relations ( 153|) and ( 15^ . we obtain the following results: 



M. 



1 



5i 



K? 



1 



{7(7 + 2) + 2} 



(101) 



Ml = \ Lj 



{(7 



2}. 



(102) 



Remark again that all levels save for the ground state are degenerate, 
due to the symmetry algebra. The dimension of the n-level being (n + 1)^, 
n = 0, 1 . . . . An schematic picture can be seen in Figure 1. 
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4 Another approach to the quantum case 

Another equivalent way in order to find the SGA for the free particle in 
S^ conies naturally by considering the canonical quantization of the Dirac 
brackets in ([6]). In this context, the canonical variables in (jH]) become densely 
defined Hermitian operators on L^(5'^) and the Dirac brackets are trans- 
formed into commutators multiplied by i whenever necessary for Hermiticity 
reasons. To simplify the notation, a quantum observable will be denoted 
by the capital letter that denotes the corresponding classical observable, so 
that the quantum Hermitian operators corresponding to Xj, Pi will be de- 
signed by Xi,Pi, respectively. They fulfill the commutation relations, which 
result from the canonical quantization of the above Dirac deformed Poisson 
brackets obtained by replacing the brackets {a, 6} = c by the commutators 
[A, B] = —iC (where A,B,C denote the quantum operators of the classical 
analogs a, b, c). In this case (|6]) becomes: 



[X„ X,] = , [P„X,] = -tiS.k - XjXk) , [P,-, Pk] = -iJjk . (103) 

The operators Jjk keep the same expression as in the classical case taking 
care of the ordering, 

Jjk = XjPk - XkPj . (104) 

From (I104p . we see that these operators are also Hermitian and Jjk = —Jkj- 
The above commutators imply that the operators Jjk close indeed the Lie 
algebra so (4) and that X and P are four vectors under the Jjk generators, i.e., 
relations f lT0|) - flT2|) are implemented through commutators at the quantum 
level. 

In the classical discussion, we have established the need of a constraint ([3]) 
and a gauge fixing condition (^ for the classical variables, and the same has 
to be done in the quantum frame for the corresponding quantum operators. 
Here, the gauge condition is chosen to be 

X^ = 1 , (105) 

which is consistent with the fact that the configuration space is S^. The clas- 
sical constrain xp = should be here expressed in terms of the symmetrized 
operator (XP + PX)/2. In this respect, first note that that the generators 
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XP and PX commute with any position Xi or momentum Pj operators. 
Then, from (11031) and fllU4p . we obtain the following relations: 



XP = PX + 3i (106) 

J^kXk = -P^ + X,(PX) (107) 

XkJ^k = -P^+Xi{X.P). (108) 

Summing (11071) and (11081) . we have 

^ {J,kXk + XkJ,k) = -P^ + l MP^ + XP) . (109) 

We must be aware that the initial algebra (I103P generated by {X, P} remains 
invariant if we replace the 'momentum' operators by another set P — > P+aX, 
a being a number or a central element. We can use this freedom to get simpler 
expressions. Thus, we define a new momentum in the form 

P:=P-iXi(PX + XP). (110) 

We can interpret P as the quantum analog of the projection of the vector P 
on the tangent plane to the point of the sphere characterized by the vector 
X. Thus, P should be the proper definition for the^uanturnjnomentum 
operator corresponding to the motion on S^. Since Jj^ := XiP^ — X^Pi = 
XiPk—PkXi = Jik, the set {X, P} has the same formal commutation relations 
as (11031) . This leads to the following simplified relations: 

XP + PX = 0, (111) 

XP = -PX=— , (112) 

- ( J.,X, + X, J,,) = -P, . (113) 

Relations (llOSp . (II lip and (I113P are the quantum versions of the classical 
formulas ([5]), ([3]) and f l23|) . respectively. In the sequel, we shall always use Pj 
instead of Pj, although henceforth we shall remove the tilde for convenience. 
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As a remark, let us say that we can provide a realization of the operators 
Xi, Pj, satisfying the previous relations, in terms of the canonical operators in 
Mf^ (which are uniquely defined up to a unitary equivalence). This realization 
is given by 

X,(H,n):=|, 

p,(H, n) := i(sn, + n,s) - ((ns + sn)^ + ^(ns + sn)) , 

(114) 
where 11 and H satisfy the canonical commutators 

[Ej ,Uk]=t 6ij , [Ej , Ek] = [Uj , Hfc] = (115) 

and E = -^/^^(Sfc)^. This is the quantum analog of the classical expressions 
given in (|8]). 

Likewise the classical case, one of the 50 (4) Casimirs plays the role of the 
Hamiltonian operator 

H = l J.kJjk = P' - (PX)(XP) = P2 - 9/4, (116) 

where we have taken into account the restrictions on X and P of f llOSp . (II lip 
and (I112p . In the so (4) realization given by (I103p and (I104p . the second 
Casimir vanishes: 

C2 = ^^'''J^JJkl = 0. (117) 

4.1 The quantum Spectrum Generating Algebra 

In the context of the point of view of the present section, in order to construct 
the Spectrum Generating Algebra (SGA) for the free particle S^ we will 
consider the algebra generated by all the operators {Xj, Pj, J^i, H}, including 
the Hamiltonian. 

We must compute the commutation of X^ and Pj with H. From (I103p - 
(11041) . after some straightforward computations, we get 

[H,X,] = -t2Pi (118) 

and 
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\H, P,] = -zg((2H + 3/2)Xi - 2Pig) . (119) 

The commutators flllSp and (11191) give a linear action of H on the elements 
having the form a{H)Xi + (3{H)Pi, where the coefficients a, /3 may depend 
on H. We can diagonalize this action as an eigenvalue problem: 

[H,Vr^] = X^{H)Vr^. (120) 

The solution of this eigenvalue equation is straightforward. The respective 
eigenvalues and eigenvectors are 



X^{H) = -l±2h, with h:=y/H+l, (121) 

V^ = -i{±h + l/2)Xi - Pi , (122) 

where we must taking care of the order of h and Xj. The eigenvectors V^ 
are defined up to global factors that may depend on h, this freedom will be 
used later. 

Let us go back to the discussion on Section 3.1. There, we have shown that 
the operator h, as defined in (I12ip has a purely discrete spectrum coinciding 
with the set of natural numbers. We can summarize this in the following 
formulas 

H = h^-1, Spec(/i) = 1,2,... . (123) 

Now, let us rewrite (I120p as 

iH-X^)Vr^ = V,^H. (124) 

Taking into account (I123p and replacing A^ into (I124p . we have 

{hTl)Vi^ = Vr^h. (125) 

Therefore, Vj^ act as lowering and raising operators for h, changing its eigen- 
values in one unit. 

Our next task is to express the initial (quadratic) algebra generated by 
{Xi, Pj, H, Jik} in terms of the most appropriate basis {V^ , h, Jik}- In order 
to calculate the commutation of V^ among themselves, we must express Xi 
and Pi in terms of these eigenvectors (or eigenoperators) V^ : 

^. = ^(V;+-V^r), P. = -^{Vi'ih+l/2)-ih + l/2)Vr). (126) 
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Then, making use of the commutators of h with V^^ fll25p we can easily 
compute the commutators of Xi and P, with a general function F{h) of h. 
Therefore, we obtain without difficulty that 

X,F{h) = ^{F{h-l){h+l/2)-F{h+l){-h+l/2)}X, (127) 

2n 

-±{Fih-l)-F{h+l)}P,, 

and 

P, F{h) = ^ {F{h~l){h' - 1/4) - F{h+l){h' - 1/4)} X, 

+ 4 m/^-l)(/^ - 1/2) + F{h+l){h + 1/2)} P, . (128) 

We have already computed the commutators of h with l^ and, since the 
symmetry algebra of H is spanned by Jij, we have [/i, Jj^] = 0. Thus, the only 
commutators that remain to be found are those involving the eigenoperators 
V^ . After some lengthy but straightforward calculations, we find 

[V-, V;] = 2h6,, + 2z J,, , [V+, v;] = [V-, V-] = O . (129) 

At this point, we should remark that the eigenoperators V^^ given in 



are defined up to a factor that can depend on h, so that we may replace V^^ by 
expressions like f{h)V^^g{h). This fact can be used, for instance, to construct 
a new pairs of eigenoperators each one adjoint of the other. Then, since 

iVty = ^V-, (130) 



we can define 



so that 



Af:=^Vt^, z = 1,2,3,4, (131) 



(4+)t = AT . (132) 

Then, we can restate the relevant relations involving Vj^ in terms of Af. We 
begin with (I125P : 

[KAf] = ±A^. (133) 
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Next, we can express Xj and P^ as in (11261) in the following form: 

""' - \Tk '■'■-'• '71 • '' ^ -57S (^^(^«/2)-('=+V2)A^)i^. 

(134) 

The last formula in fll34p may also be written as 

P, = JJMiAt + A-M, (135) 

2 V2h V2h 



where the function is characterized by 

2h + l = f{h)f{h + l). (136) 

Equation (1136^ is identical to ( |85l) and therefore it has the same solution 
( l86l) . Finally, commutation relations f ll29p are preserved: 

[AT, At] = 2h6,, + 2iJ,, , [At, At] = [At, At] = . (137) 

Now, we are in position to obtain the generators of the 50 (4, 2) Lie algebra 
from the above ingredients. Then, we can define the following new operators 

L,:=1(A--A+), and Kr.= \{A- + At) . (138) 

Using the commutation relations obtained before in this Section, it is easy 
to show that set of the operators 

{J,j,h,LuKi} (139) 

form a basis for so(4, 2). In fact, if we make the following identifications 

Jij^Mij, Ki = M^i, Li = Mei, h = M^e , 2,j = l,...,4, (140) 

then, Majs, a, /3 = 1, . . . , 6 will satisfy the commutation relations (137|) . The 
vector character of the components Li and Ki or the scalar behaviour of h 
under so (4) are satisfied from its very definition in terms of the vectors Xi, 
Pi and the scalar H. Notice that, according to 01341) and 01351) . we have 



\/2h \/2h 
^^ = -77m^*77m' Li = ^/hXi^/h. (141) 

f{h) f{h) 
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We can avoid the use of the f{h) function in in the relation between Pi and 
Ki as follows. For instance, take the second equation in fll34p and re-express 
it in the form 

P. ^ --L 1 [,(^, , ^.) ^ (^, H- A^^i ^ ^ -i ^ m, . m -1 . 

(142) 
These relations, together with h = y/H — 1 (11211) . constitute the quantum 
analogue of the classical ones given by flM|) . 

We have already mentioned in f ll23p that the spectrum of the operator 
h is the set of natural nubers n = 1,2,3,... while the spectrum of the 
Hamiltonian H is given by n^ — 1. These energy levels can be connected by 
a ladder representation, which follows from the nature of the operators Af 
and that is identical to the representation given in section 3.3. This shows 
that so(4, 2) is the SGA for the quantum particle in S^. 

4.2 The restrictive relations. 

In Section 3, we have started directly with the quantization of the algebra 
so (4, 2), including the operators A^ . Then, some naturally chosen restric- 
tive conditions allowed us to define the generators Xi of the homogeneous 
space (and their corresponding momenta Pi) satisfying commutation rela- 
tions (I103p . Now, we will finish by showing that the above construction 
yields naturally to the restrictive relations as given by flS^ . 

In the previous subsection we have shown that the quantum SGA was a 
Lie algebra obtained from the quadratic algebra generated by {Xi, Pj, Jij, H} 
after a (generalized) change of basis. As the starting generators were not 
independent so there must be certain relations involving the Lie algebra 
generators that will turn into the restrictive conditions. In fact, in order to 
make all the computations in the above subsection we have made use of two 
relations: (i) the expression of Jij in terms of Xi,Pj, as given in (I104p that 
is equivalent to the vanishing of the second Casimir (I117P of so (4), and (ii) 
the choice of Pj given in terms of Jij and Xj in (I113p . 

Let us start with the relation (ii) where we substitute Pj in terms of Ki 
by means of (I142p , Xj in terms of Lj as shown in (1141 p , to get 
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Since h and Jik commute, equation (11431) becomes: 

JikLk + LkJik - hlU -Kih = 0. (144) 

Now taking into account the identification with the generators M^p of so (4, 2), 
this equation is just Tgj = 0, thus obtaining the first restrictive relation. The 
remaining relations are obtained by commuting f ll44p with other operators. 
For instance, let us commute f ll44p with h, then we find a second restrictive 
relation: 

JikKk + KkJik + hL, + Lih = or ^, = 0. (145) 

The next one can be obtained by commuting Lj with 0144p . summing 
over i and taking into account that 

[Li, Jik] = -Silk , (146) 

then, we arrive to the relation: 

K^ - SL^ + 2/1^ + 2 = . (147) 

Now, we commute (I145p with Ki and sum over i to find: 

L^ - SK^ + 2/^,2 + 2 = . (148) 

Relations (11471) and (11481) together yield 

K^-h'^ -1 = or T55 = , (149) 

L2 - /i2 _ 1 = or fee = . (150) 

Next, we commute Li with (I145p and sum over i. We obtain: 

K ■ L + L ■ K = or fge = . (151) 

The last of the relations Tat = follows by commuting Lj with (11441) . It 
gives: 

{LiLj + LjLi) + {KiKj + KjKi) - {JikJjk + JjkJik) - 26ij = , (152) 
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or Tij = 0. Note that the constant c in (1491) - 0541) appears naturally as c = 2. 
The other restrictive relations in (15^ . R"^'' = 0, can be obtained as follows: 
The former, R^^ = is just the expression flll7p stating that the second 
Casimir vanishes in the chosen representation. Then, commute flll7p with 
Lj and Ki to obtain i?^* = and i?^* = respectively. Then, using the 
explicit relation for R^^ given in f lSB]) and commuting i?^* = with Lj, one 
finally gets the last relation R^^ = 0. Explicit forms of /?"'' are given in f lS^ - 
( 158|) . With the derivation of the restrictive relations, we conclude the present 
section. 



5 Concluding remarks. 

In this paper, we have constructed the Spectrum Generating Algebra (SGA) 
for the three dimensional sphere S^ in both classical and quantum cases. 
Both situations provide a nontrivial problem, particularly in the quantum 
case. 

In the classical case, we have obtained specific SGA generators leading to 
time dependent constants of motion fixing the motion. In the quantum case, 
we can study the SGA for S^ from two points of view. In the former, we start 
with a quantized version of the algebra, postulate natural restrictive relations 
that fixes the representation and then, obtaining a ladder representation 
that connect the whole set of eigenvectors of the free Hamiltonian for S^, 
supporting the Hilbert space of an lUR of the SGA algebra. Finally, we define 
the position and momentum operators for the homogeneous ambient space 
and fix their constraints and gauge conditions over S^ and their commutation 
relations. 

The second point of view is equivalent and makes the inverse path. We 
start with quantization of the position and momentum operators by trans- 
forming their Dirac brackets into commutators following the usual recipe 
established by usual canonical quantization. These operators determine a 
representation of the algebra so(4). Then, we construct ladder operators and 
determine that the SGA for our situation is so(4). Finally, the restrictive 
relations postulated in the previous method are obtained as a consequence 
of our hypothesis. 

This research as interest by itself, although we expect this work to serve 
as a preparation for the construction of the SGA of non trivial potentials in 
S^ as well as in a spaces with negative curvature H^, under the same optics. 
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